We study the perturbations of scalar, vector, and tensor fields in a slowly rotating Kerr-(Anti-)de Sitter black hole spacetime, presenting new and existing Schrödinger style master equations for each type of perturbation up to linear order in black hole spin a. For each type of field we calculate analytical expressions for the fundamental quasi-normal mode frequencies. These frequencies are compared to existing results for Schwarzschild-de Sitter, slowly rotating Kerr, and slowly rotating Kerr-de Sitter black holes. In all cases good agreement is found between the analytic expressions and those frequencies calculated numerically. In addition, the axial and polar gravitational frequencies are shown to be isospectral to linear order in a for all cases other than for both non-zero a and Λ.
I. INTRODUCTION
Black holes are among the most captivating aspects of Einstein's Theory of General Relativity (GR) [1] [2] [3] [4] [5] , and their properties have been studied extensively since the dawn of GR in the early 20th century. Of great interest to physicists and mathematicians alike is the response of black holes to perturbations. Notably, perturbed black holes 'ring', emitting gravitational waves at a characteristic set of frequencies known as the quasi-normal mode (QNM) frequencies [6] [7] [8] [9] .
These QNM frequencies are dependent on the background properties of the black hole (e.g. mass or angular momentum), acting like a 'fingerprint' for a given black hole. Furthermore, the presence of a cosmological constant, or a modification to the theory of gravity itself, can and will affect the spectrum of frequencies that a black hole will emit gravitational waves at. Thus studying the QNM frequencies of black holes (and other fields propagating on the black hole spacetime) provides a window from which to observe not only the properties of the black hole itself, but also of the wider universe and indeed of the fundamental laws governing gravity [10] [11] [12] [13] [14] [15] [16] .
From an observational point of view, given the dawn of the gravitational wave era of astronomy (with multiple direct observations of gravitational waves from mergers of highly compact objects, i.e. black holes or neutron stars, having now been made by advanced LIGO and VIRGO [17] [18] [19] [20] [21] ), determining and detecting the QNM frequencies of the remnant black holes left perturbed after the merger of compact objects is an interesting and important area of study.
In this paper, we will study the responses a variety of fields to linear perturbations on a black hole spacetime, and present analytical expressions for the QNM frequencies that each type of field characteristically 'rings' at. The black holes we will consider will possess angular momentum and be embedded in a universe with a cosmological constant that can be positive or negative (i.e. the spacetime will be either asymptotically de Sitter or Anti-de Sitter). For the case of a positive cosmological constant, the black holes studied here will represent the kind of astrophysical black holes that we expect to observe * oliver.tattersall@physics.ox.ac.uk in our universe (assuming the ΛCDM paradigm of cosmology [22] ). For a negative cosmological constant, on the other hand, the AdS/CFT correspondence provides an interesting motivation to study the QNMs of asymptotically Anti-de Sitter black holes as a method of gaining insight into certain conformal quantum field theories [23] [24] [25] [26] [27] .
Summary: In section II, we will present the background spacetime of the black holes that are to be studied in this work. In section III, we will review aspects of black hole perturbation theory before presenting second order Schrödinger-style master equations for perturbations of massive scalar (spin s = 0), massive vector (s = −1), and massless tensor (s = −2) fields. Some of the master equations presented are known from the literature, with others (to the author's best knowledge) being new results. In section IV we will then present analytic expressions for the QNM frequencies that satisfy each of the master equations present in section III, and compare these analytic expressions to previously obtained numerical results. Finally, in section V, we will discuss the results presented and make some concluding remarks. Throughout we will use units such that G = c = 1.
II. BACKGROUND
The background spacetime that we will be concerned with in this work is that of a slowly rotating black hole in a universe with a cosmological constant Λ. The black hole spacetime is described by the Kerr-(Anti)-de Sitter (henceforth referred to as Kerr-(A)dS) solution which, to linear order in dimensionless black hole spin a, is given in Boyer-Lindquist coordinates by [28] :
with dΩ 2 being the metric on the surface of the unit 2-sphere, M the black hole mass, and we assume |a| 1. The metric function F(r) is given by:
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The spacetime is asymptotically de Sitter (thus describing a Kerr-dS black hole) for Λ > 0 ; for Λ < 0, we have a Kerr-AdS black hole with an asymptotically Anti-de Sitter spacetime.
III. PERTURBATION MASTER EQUATIONS
When considering perturbations on a spherically symmetric background spacetime, it is standard to decompose the perturbed fields into spherical harmonics to factor out the angular dependence of the perturbation [6-9, 29, 30] . Using Y m µ 1 ...µ n (θ , φ ) to schematically represent the appropriate choice of scalar, vector, or tensor spherical harmonics depending on the perturbed field f in question:
About a spherically symmetric background, perturbations of different polarity (either axial/odd or polar/even) decouple from each other, greatly simplifying the analysis of the equations of motion for the perturbed fields. In addition perturbations of different decouple. The result is that, if we further assume a harmonic time dependence of the form e −iωt , the equations of motion can often be cast into homogeneous Schrödinger style second order differential equations for some unknown function of r representing the perturbation:
The ω m are the characteristic QNM frequencies associated with the perturbation, as mentioned in section I. Detailed reviews on QNMs can be found in [6] [7] [8] [9] . The fact that the equations of motion governing the perturbations can often be cast into a single Schrödinger style second order differential equation is useful, with the techniques of quantum mechanics and time-independent scattering theory being available to the modern physicist to analyse such an equation (see, for example, the Appendix of [8] ). Unfortunately the decoupling of perturbations of different polarity and no longer occurs when the background is not spherically symmetric (e.g. in axisymmetric spacetimes such as the Kerr family of black holes [31] ), and thus the task of simplifying the equations of motion governing the perturbations is greatly complicated. For example, for a Kerr black hole one has to solve the more complex Teukolsky equation [32] to find the QNM frequencies, rather than the simpler Regge-Wheeler [33] or Zerilli [34] equations that one calculates for Schwarzschild black holes.
In [35] , however, it was shown that in slowly rotating backgrounds, where the 'breaking' of spherical symmetry is controlled by the dimensionless black hole spin a (and terms O(a 2 ) are neglected), it is sufficient to continue to use spherical harmonics and to treat perturbations of different polarity and as completely decoupled. This technique yields equations of motion that are sufficient to determine the QNM frequency spectrum of the system accurately to linear order in a (and has been utilised in, for example, [36] [37] [38] ). The benefit of this approach is that one can continue to exploit the useful properties of spherical harmonics and often still arrive at simple second order equations of motion for the perturbed fields, whilst now including the effects of (slow) rotation.
In the following sections we will make use of the above technique for perturbations in slowly rotating backgrounds to derive Schrödinger style master equations for various type of perturbations on a slowly rotating Kerr-(A)dS background, keeping terms linear in black hole spin and neglecting terms O(a 2 ) and higher. This will allow us in Section IV to determine the QNM frequency spectra for each type of perturbation to linear order in a. From now on we will also suppress spherical harmonic indices so as not to clutter notation, with each equation assumed to hold for a given ( , m).
A. Massive Scalar field
First we consider a massive test scalar field Φ (such that Φ does not contribute to the background energy momentum and thus does not affect the background spacetime) propagating on the slowly rotating Kerr-(A)dS background given by eq. (1). Such a field obeys the massive Klein-Gordon equation:
In [35, 36] it was shown that for scalar perturbations such that:
the massive Klein-Gordon equation (linearised to first order in black hole spin a) takes the form:
We see that the effective potential of eq. (7) is modified from the usual spin zero Regge Wheeler equation [6] [7] [8] [9] through Λ and a. Eq. (7) is, nonetheless, still in the generic form of a Schrödinger style wave equation.
B. Massive Vector field
We now consider a massive vector field propagating on the black hole background. We again assume that the test field does not contribute to the background energy momentum and thus does not affect the background spacetime.
Whilst vector fields can have both axial and polar parity components of their perturbations, it was shown in [35] that the polar perturbations for a massive vector field on a slowly rotating background cannot be reconciled into a single Schrödinger style wave equation. Thus in this paper we will only consider axial parity perturbations for simplicity. It is worth noting that, in the case of a massless vector field (i.e. electromagnetic perturbations), the equations for axial and polar perturbations coincide.
In [35] the master equation governing the axial component of a massive vector perturbation is given for a generic slowly rotating background. For the slowly rotating Kerr-AdS background that we are concerned with, the perturbation A(r) satisfies:
where µ is the vector field mass. In the case that a = 0, eq. (8) agrees with the master equations derived in [39] .
C. Gravitational field
Finally, we consider perturbations to the black hole spacetime itself, such that the metric g µν can be decomposed into a background partḡ and a perturbation h:
whereḡ µν is given by eq. (1). The perturbed Einstein equations then read
with δ R µν representing the Ricci tensor expanded to linear order in the metric perturbation h µν .
For the gravitational perturbations we adopt the ReggeWheeler gauge and decompose the metric perturbation into tensor spherical harmonics, with the tensor perturbation h µν having both axial and polar parity perturbations [33, 40] :
where sym indicates a symmetric entry, B m µ is the axial parity vector spherical harmonic and Y m is the standard scalar spherical harmonic, as described in [29, 30] .
Once again we can treat perturbations of different parity separately in order to study the QNM spectrum to linear order in a [35] .
Axial sector
For the axial sector, we can define a function Q(r) in terms of the perturbation fields h i which satisfies the following Schrödinger style master equation:
For Λ = 0, eq. (13) agrees with the Schrödinger style equation for axial gravitational perturbations of a slowly rotating Kerr black hole given in [36] . With a = 0, eq. (13) agrees with the result of [39] for the axial perturbations of a Schwarzschild-(A)dS black hole. With a = Λ = 0, we recover the familiar Regge-Wheeler equation [33] .
Polar sector
For the polar sector, we can define a function Z(r) in terms of the perturbation fields H i , and K which obeys the following Schrödinger style master equation:
where
is the familiar Zerilli-like potential for Schwarzschild-(A)dS perturbations given by:
is the O(a) correction to the potential given in Appendix A. For Λ = 0, i.e. when considering a slowly rotating Kerr black hole, V Z (r) agrees with the linear in spin correction to the polar potential given in [36] . With a = Λ = 0, we recover the familiar Zerilli equation [34] .
IV. QUASINORMAL MODES A. Analytical Expressions
As a complement to other methods of calculating the QNM frequencies ω that satisfy the equations presented in section III [7-9, 41, 42] , we will present analytic expressions for the QNM frequencies calculated via the method developed in [43] . We direct the reader to [43] for the details of the method, with the important result being that the ω for each perturbation master equation can be expressed as a sum over inverse powers of L = + 1/2, with being the multi-polar spherical harmonic index:
In appendix B we present the ω k that satisfy eqs. (7), (8), (13) , and (14) for the fundamental n = 0 mode (with n being the overtone index). In principle one can calculate the ω k for arbitrary n, but for simplicity's sake we focus on the fundamental modes in this work. In each case we have calculated the first eight terms in the expansion, i.e. to O(L −6 ). One can straightforwardly calculate terms to higher order in inverse powers of L through the use of a computer algebra package. We will see in the following section that the QNM frequencies calculated via this analytic expansion method give results in very strong agreement with those calculated via, for example, 6th order WKB methods.
In the limit that → ∞ the QNM frequencies, irrespective of field spin or mass, are given by:
A result of interest from calculating the ω k that satisfy eq. (13) and (14) analytically is that the axial and polar gravitational frequencies are isospectral to O(L −3 ), with any differences between the ω k at higher orders in 1/L being proportional to both a and Λ (see appendix B 4). Thus, to linear order in a, it is only in the case of non-zero black hole spin and non-zero cosmological constant that the spectra of the axial and polar perturbations split. The isospectrality of the gravitational modes for a Schwarzschild black hole is well known [6] [7] [8] , with the isospectrality of Schwarzschild-dS and slowly rotating Kerr-Newman black holes having been observed numerically in [37, 44] .
It is worth noting that the expansion technique of [43] is designed for use in spherically symmetric background spacetimes; indeed we will see in the following section that the results for Schwarzschild-de-Sitter black holes are indeed highly accurate. In [45] , however, the expansion was nevertheless used to find the QNM frequencies of a massive scalar field on a slowly rotating Kerr background (i.e. the ω satisfying eq. (7) with Λ = 0). Good agreement was again found between those frequencies calculated numerically and those using the analytic expansion method, despite the background spacetime no longer being spherically symmetric.
In the following section we will calculate the QNM frequencies satisfying each of eqs. (7), (8), (13) , and (14) for non-zero a (i.e. on non-spherically symmetric, slowly rotating backgrounds) and investigate how well an approximation the ω k presented in appendix B provide for the QNM frequencies at linear order in black hole spin. In fact, we will see that for a 1, the frequencies calculated in this paper provide a very good approximation to those calculated in the literature. Furthermore, as explained in [43] , the analytic expansion method for calculating QNM frequencies utilised here is not applicable to asymptotically AdS spacetimes (i.e. for Λ < 0) due to the differing boundary conditions used at spatial infinity. Thus in the following examples we will limit ourselves solely to Λ ≥ 0 cases. Nonetheless, the equations presented in section III remain valid for both positive and negative Λ.
B. Comparison to Other Results

Schwarzschild-de-Sitter
We first consider the case of a unit mass Schwarzschild-deSitter black hole (a = 0, M = 1, 0 ≤ 9Λ ≤ 1) [46] . The QNM frequencies for electromagnetic, gravitational, and massless scalar perturbations in a Schwarzschild-de-Sitter background have been calculated, for example, using the 6th order WKB method in [44] . We find that in general the frequencies calculated using the analytic expansion method of [43] (utilising the expansion coefficients given in appendices B 1-B 4) are in good agreement with those presented in [44] .
Tables II-IV in appendix C give the QNM frequencies for massless scalar perturbations, massless vector (i.e. electromagnetic) perturbations, and gravitational perturbations for a selection of Λ values. We do not distinguish between axial and polar gravitational frequencies in this case as, further to the discussion above, the coefficients presented in appendix B 4 show that for a = 0 the axial and polar QNM frequencies are isospectral (this was also shown in [44] ). In all cases the frequencies are presented as calculated via the WKB method as in [44] and via the analytical expansion method of [43] used in this work, with the errors between the two methods also given. Figures 1-3 show QNM frequencies in the complex plane as calculated via both methods. Tables II-IV show that in all cases the relative errors between methods stays comfortably below 1%, with figures 1-3 showing almost complete alignment of frequencies in the complex plane. The expressions for the QNM frequencies given in appendix B thus appear to compare very well with other methods of calculating QNM frequencies in the case that a = 0. 
Slowly rotating Kerr
We will now consider the case of a unit mass slowly rotating Kerr black hole (a > 0, M = 1, Λ = 0) [4] . The QNM frequencies for electromagnetic, gravitational, and massless scalar perturbations in a Kerr background have been calculated, for example, in [9] using Leaver's continued fraction method [41] . We will compare the results of using the expansion coefficients given in appendix B to the QNM frequency data provided at http://www.phy.olemiss. edu/˜berti/ringdown/.
Tables V-VII in appendix C give QNM frequencies for massless scalar perturbations, massless vector (i.e. electromagnetic) perturbations, and gravitational perturbations for a selection of a values. As discussed above, we do not distinguish between axial and polar gravitational frequencies as to linear order in a the axial and polar spectra are isospectral for Λ = 0 (see appendix B 4). In all cases the frequencies are presented as calculated via continued fractions in [9] and via the analytical expansion method of [43] used in this work, with the errors between the two methods also given. In [45] the analytic expansion results for a massive scalar field on a slowly rotating Kerr background were compared to the continued fractions results of [47] .
For a 1, figures 4-6 show that the linear in a approximation to the QNM frequencies calculated from the expressions in appendix B match well with the numerical data, with tables V-VII show the relative errors between methods staying below 1% for spins of up to a ∼ 0.2. From figures 4-6, however, we see that the linear in a approximation for the QNM frequencies clearly starts to fail at smaller values of a. This is particularly noticeable for the imaginary frequency components, where the departure from the linear approximation is clearly seen by a ∼ 0.1. Predictably, in all cases, as a increases the difference between linear in spin approximation used in this work and the frequencies calculated numerically increases. The higher accuracy of the real frequency components compared to the imaginary components can be understood by considering that O(a) contributions to the imaginary component only appear in two terms in the QNM expansion up to O(L −6 ), ω 3 and ω 5 (see appendix B). This is contrast to the real frequency component which receives contributions linear in a in ω 0 , ω 2 , ω 4 , and ω 6 . Thus one should compute higher order terms in the expansion to calculate further O(a) corrections to the imaginary component of the QNM frequencies, and thus improve agreement.
Nonetheless, for small a the analytic expressions for the QNM frequencies appear to be a good approximation to those calculated numerically.
Slowly rotating Kerr-de Sitter
We now turn to the most general case of a slowly rotating Kerr-dS black hole, where both a and Λ are non-zero and positive. The gravitational QNM frequencies for a Kerr-dS black hole of varying mass were calculated in [48] by continued fractions, whilst their asymptotics were studied in [49] .
The expressions for ω −1 and ω 0 in appendix B (i.e. the first Turning to comparisons with [48] , a table of fitting parameters (ω, ω a ) (referred to as (ω 0 , ω 1 ) in [48] ) is provided to approximate the QNM frequencies of slowly rotating Kerr-dS black holes in the form:
whereω is the QNM frequency evaluated for a = 0, i.e. the corresponding Schwarzschild-dS frequency for a black hole of the same M and Λ; ω a represents the linear in a correction term. Table I compares data forω and ω a from [48] and as calculated in this paper for two black holes of differing mass, with the relative errors between both methods given in parentheses. Note that the fitting parameters (ω, ω a ) are rescaled by M from their values in [48] to coincide with the dimensionless black hole spin a that we are using in this paper. Also note that, as previously mentioned, in the case that both a and Λ are non-zero, the axial and polar gravitational frequencies are no longer isospectral (see appendix B 4). Thus in table I we compare the results of [48] to both axial and polar frequencies as calculated in this paper.
As demonstrated in section IV B 1 for the case of a Schwarzschild-dS black hole, we find good agreement between theω calculated in [48] and those calculated in this work. We also find good agreement in the real part of ω a , with errors staying comfortably below 1% when considering either the polar or axial frequencies. The imaginary part of ω a does not agree as well, with relative errors of order ∼ 10 − 20%. This can be understood similarly to the case of the imaginary Kerr frequencies as discussed above. For the imaginary frequency component, O(a) contributions only appear in two terms in the QNM expansion up to O(L −6 ) (ω 3 and ω 5 ). This is in contrast to the real frequency component which receives contributions linear in a in all ω n for even n. One should compute higher order terms in the expansion to calculate further O(a) corrections to the imaginary component of the QNM frequencies. Indeed if one calculates, for example, ω 7 for axial gravitational modes, the error in the imaginary component of ω a for M = 0.1789 drops from 9.1% to 5.1%, whilst for M = 0.1205 the error drops from 27% to 11%. See appendix B for the explicit expressions of the QNM frequencies calculated in this paper to O(L −6 ).
V. CONCLUSION
In this paper we have presented Schrödinger style master equations for the perturbations of massive scalar, massive vector, and gravitational fields on a slowly rotating Kerr-(A)dS black hole. These represent generalisations of the ReggeWheeler and Zerilli equations (for fields of spin 0, −1, or −2) to include the effects of both a non-zero cosmological constant Λ and of slow rotation (i.e. to linear order in dimensionless black hole spin a). Some of these equations have been presented before in their entirety (e.g. eq. (7) and (8) in [35] ), whilst versions of the equations with either a = 0 or Λ = 0 have been presented in, for example, [36, 39] . The generalisation of the gravitational perturbation equations to include both the effects of rotation and of a cosmological constant presented here should, however, prove useful given the wealth of knowledge accumulated to address such Schrödinger style equations.
We have also presented, following the method of [43] , analytical expressions for the QNM frequencies that satisfy each of the perturbation master equations present in section III (eq. (7), (8), (13) , and (14)). The expressions given in appendix B are intended as a compliment to existing methods of QNM calculation, with the equations presented in section III of course being amenable to being solved via one's preferred method. Given that there are relatively few numerical results for QNM frequencies in the literature for some categories of black holes (e.g. Kerr-de Sitter), numerically investigating the perturbation master equations presented in this paper and elsewhere is worthy of further attention. In addition, a natural extension of this work would be to consider black holes possessing non-zero electric charge [50, 51] .
In section IV we find that the analytic expressions calculated in this paper agree well with the QNM frequencies calculated via other methods for a Schwarzschild-dS black hole [44] , for a slowly rotating Kerr black hole [9] , and for a slowly rotating Kerr-de Sitter black hole [48, 49] . They are not, however, valid for asymptotically AdS spacetimes (as explained in [43] ). The frequencies calculated in this paper support the numerically observed isospectrality of gravitational modes to linear order in spin for Kerr black holes [37] , whilst the axial and polar gravitational spectra are shown to split for a = 0 and Λ = 0. Given the good agreement with numerical results, the analytic expressions for QNM frequencies presented here provide a useful addition to those techniques already in the modern physicist's toolbox, allowing one to see the explicit dependence of the QNM frequencies on the parameters of the black hole and/or field.
The study of gravitational QNM frequencies is, of course, of great interest in the context of gravitational wave observations. Properties of black hole merger remnants can be inferred from the observation of the QNM ringing, as well as tests of GR and of the 'no-hair hypothesis' [10] [11] [12] [13] [14] [15] [16] 52] . Meanwhile, the study of the QNM frequencies of massive bosons (e.g. the scalar and vector cases considered here) propagating on rotating black hole backgrounds finds great relevance in the study of black hole superradiance [53] . Furthermore, the AdS/CFT correspondence continues to provide motivation for studying QNMs in asymptotically AdS spacetimes [23] [24] [25] [26] [27] .
The technique of recasting the complicated, multidimensional, equations of motion governing black hole perturbations in GR into decoupled one-dimensional Schrödinger style equations is an incredibly useful one that has allowed great advances in the understanding and numerical calculation of QNM frequencies. The ability to execute such a simplification of the equations of motion, and in particular to include the effects of rotation, in theories of gravity beyond GR is in many cases still a work in progress [38, 45, [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] . Given that the strong gravity regime of black hole mergers is likely to be one of the best 'laboratories' available to us to probe any potential deviations from Einstein's theory, continuing the analysis of black hole perturbations for a variety of fields in alternative theories of gravity will remain an important avenue of re- The O(a) correction to the potential for polar gravitational perturbations featured in eq. (14) is given by: 
